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Abstract 

The paper is devoted to study the structure of Hawaiian groups of some topological 
spaces. We present some behaviors of Hawaiian groups with respect to product 
spaces, weak join spaces, cone spaces, covering spaces and locally trivial bundles. In 
particular, we determine the structure of the n-dimensional Hawaiian group of the 
m-dimensional Hawaiian earring space, for all 1 < m < n. 
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1. Introduction and Motivation 

In 2000, K. Eda and K. Kawamura [ij defined the n-dimensional Hawaiian earring, 
n = 1,2, . . ., as the following subspace of the {n + l)-dimensional Euclidean space 

= {(ro, ri, G M^^+i) | (ro - l/kf + Zti^f = (V^)', k E N}. 

Here 9 = (0, 0, 0) is regarded as the base point of H", and S"^ shows the n-sphere 
in H" with radius 1/k. 

In 2006, U.H. Karimov and D. Repovs jsf defined a new notion, the n-Hawaiian 
group of a pointed space (X, xq) to be the set of all pointed homotopy classes [/], 
where / : {W^,9) — )■ {X,xo) is continuous, with a group operation which comes 
naturally from the operation of nth homotopy group denoted by xq) which 

we call it the n-Hawaiian group of (X, xq). This group is homotopy invariant in the 
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category of all pointed topological spaces. One can see that T-Ln : hTop^, — )■ Groups 
is a covariant functor from the pointed homotopy category, hTop^f, to the category of 
all groups, Groups, for n>l. If /3 : (X, xq) — )■ Z/o) is a continuous map between 
pointed spaces, then 'H„(/3) = /3* : xq) — )■ ^^(F, ?/o) defined by /?*([/]) = [/3o/] 

is a homomorphism. 

They also mentioned jsf some advantages of Hawaiian group functor rather than 
other famous functors such as homotopy, homology and cohomology functors. There 
exists a contractible space C(]HI^), the cone over H^, with nontrivial 1-Hawaiian 
group, but trivial homotopy, homology and cohomology groups. In fact in Q], it is 
showed that 'Hi(C(EI^), 6) is uncountable. Also, this functor can help us to get some 
local properties of spaces. In fact, if X has a countable system of neighborhood at 
Xo, then countability of the n-Hawaiian group xq) implies n-locally simply 

connectedness of X at xq. (see 0, Theorem 2]). 

There is a relation between the Hawaiian group and the homotopy groups of a 
pointed space (X, xq) as follows. 

Theorem 1.1. ([S, Theorem 1]). If the space X is n-locally simply connected at the 
point Xq and satisfies the first countability axiom, then 

nw 
7r„(X,Xo) (/) 

defined by ^{[f]) = ([/l^n], [/Isj]; •••) is an isomorphism, where H^^j 7r„(X, xq) is the 
weak direct product of countable copies o/7r„(X, Xq). 

We use the following concepts frequently in the paper. 

Definition 1.2. A space X is called: 

(i) n-locally simply connected at the point xq if for every neighborhood U G X of Xq 
there is a neighborhood V G U of xq such that the homomorphism i^ : 7r„(V, xq) — > 
7r„(t/, Xq) induced by inclusion is zero. 

(a) n-semilocally simply connected at the point Xq if there is a neighborhood U of xq 
such that the homomorphism i^, : 7r„(f/, Xq) — ?■ 7r„(X, Xq) induced by inclusion is zero. 
{Hi) locally strongly contractible at xq if for every neighborhood U G X of Xq there 
exists a neighborhood V G U of xq such that the inclusion map V "-^ U is null- 
homotopic to the point xq 

{iv) semilocally strongly contractible at xq if there exists a neighborhood U of xq such 
that the inclusion map U ^ X is null-homotopic to the point xq (see [1]). 

The paper is organized as follows. In Section 2, we establish some more proper- 
ties of Hawaiian groups. First we show that n-Hawaiian groups are abelian for all 
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n > 2. We also show that the map (J) is an isomorphism for semilocally strongly 
contractible spaces. Second, we compute the n-Hawaiian group of a weak join of a 
countable family of [n — l)-connected, locally strongly contractible and first count- 
able pointed spaces (see |6[ for the definition of the weak join). As a consequence, 
we can compute the m-Hawaiian group of an ra-Hawaiian earring for all 1 < m < n. 
Moreover, we show that all Hawaiian group functors preserve direct products. Third, 
we concentrate on Hawaiian groups of the cone of spaces. As a main result, we show 
that the n-Hawaiian group of the cone of (X, xq), C'(X), at the point (xo,t) except 
the vertex is the quotient group of 'H„(X, xq) by n^j^7r„(X, xq). Finally, we give an 
exact sequence of Hawaiian groups for a first countable locally trivial bundle which 
gives more information about Hawaiian groups of covering spaces or M"-bundles. 

Karimov and Repovs ^ generalized the Hawaiian earring to the infinite dimen- 
sion, to be the weak join of all finite dimensional Hawaiian earrings and denoted 
by EI°°. Then they followed it by the infinite dimensional Hawaiian group sim- 
ilar to finite dimension to be the set of all pointed homotopy classes [/], where 
/ : {W^,6) — )■ (X, xo) is continuous, endowed with group operation, which comes 
from the finite dimensional Hawaiian groups denoted by 1-Loc,{X.,Xq). One can verify 
that T^oo '■ hTop^ — > Groups is a covariant functor with induced homomorphism sim- 
ilar to finite dimension cases. Also they construct a Peano continuum with trivial 
homotopy, homology (singular, Cech and BoreLMoore), cohomology (singular and 
Cech) and finite dimensional Hawaiian groups, which is not contractible and has 
nontrivial infinite dimensional Hawaiian group 

In Section 3, we study the structure of the infinite dimensional Hawaiian group. 
We extend most of properties of finite dimensional Hawaiian groups obtained in 
Section 2 to the infinite case. 

2. Finite Dimensional Hawaiian Groups 

We say that a pointed space (X, xq) has a local property if X has the property 
at point Xq. 

Definition 2.1. Let {fi : (X, xq) — >■ {Y,yo)\i G /} be a family of continuous maps. 
We say that is null- convergent if for each open set U containing y^, we have 

Im{fi) C U for all i & I except a finite number. 

The following lemma will be used in several results. 

Lemma 2.2. With the previous notations and assumptions, let (X, xq) be a pointed 
topological space, then the following statements hold. 

(i) Let {fk ■ {SJ^,a) — )■ (X, xq)} be a sequence of continuous maps, then f : (IP, 9) — )• 
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{X,xo) defined by /Ln = fk is continuous if and only if {fk} is null-convergent. 

k 

(a) Let {fk, f'k '■ {Sk,Ci) {^1 Xo)}keN be two sequences of continuous maps with 
/fc ~ rel {a} by null- convergent sequence of homotopies {Hk : S*^ x / — )■ Xj^gN 
relative to the point a. Then H : f '2=l f rel {6}, where H\gny^j = Hk, f\gn = fk and 

f \sj^ ~ fk- 

(Hi) Let fi, /2, fm and f[, f!^, f'm be two finite sequences of continuous 
maps with fk, fk '■ {SJ^,a) — {X,xq) and fk — fk for k = 1,2, ...,m and let 
g,g' : (V/c>m+i'^fc ' ~^ {^,^o) be two continuous homotopic maps relative to {9}, 
where \/k>m+i^k ^■^ weak join of the family of n- spheres {S'^\k > m} . Then 
f,f' ■ (H",^) (X,xo) defined by fl^n = fk, /'Isn = f I,, for k = 1,2, ... ,m and 

k k 

f\c, on = q, f'\\/ an = o' 0^6 continuous and homotopic relative to \6}. 

Proof, (i) Let / : (EI",0) — > {X,xo) be continuous, then for each neighborhood U of 
^0; f ^^{U) contains all the n-sphere's of the Hawaiian earring except a finite number, 
that is, there exists K & N such that /m(/|^„) C U for all k > K. Hence if > i^', 
then Im{fk) C U and so {fk} is a null-convergent sequence. 

Now, let {fk} be a null-convergent sequence, then if U is an open set containing 
Xq, there exists K E N such that for all k > K, Im{fk) C U. Since /Ln = fk , for 

k 

k > K we have /m(/Lu) C [/ or equivalently 5*^ C f~^{U). Using the topology of 

k 

weak join on the Hawaiian earring and continuity of the fkS, f is continuous. 

(u) Similar to the proof of part (z) one can prove that H is continuous and verify 

that H : f ^ f rel {9}. 

(Hi) Since g is continuous, then by (z) {g\an , g\an , ...} is a null-convergent 
sequence and so is {/i, , /2, fm, 5*1 ,91^^ , ■■■}■ Using again (i) implies 
that / is continuous. Now, let Fk : fk — fk, G : g c:^ g' and define ifLn^j = Fk, for 

k 

k = 1, . . . ,m and H\,r, , = G. Using the topology of the Hawaiian earring, 

H is continuous and hence H : f c:^ f rel {9}. □ 

Theorem 2.3. Let {X,xo) be a pointed space, then 'H„(X, xq) is an abelian group, 
for all n > 2. 

Proof If [/], [g] e Hn{X,xo), then [/] * [g] = [f * g] and (/ * g)\sn = flgn * g\sn. 
Since n > 2, we have a homotopy map Hk : /|_5„ * g\gn — g\gn * f\gn rel {9} with 
Im{Hk) = Im{f\gn) U Im{g\gn) (see [2I, page 340] for further details). Since /, g 
are continuous, by Lemma 12.21 (z), for each open set U containing xq, there exist 
Kf,Kg G N such that for k > Kf, /m(/|^„) C U and for k > Kg, Im{g\gn) C U. 
Thus for k > max{Kf, Kg}, Im{f\gn) U Im{g\gn) C U and so Im(Hk) C JJ which 
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implies that {Hk}kem is null-convergent. Use Lemma [22] (m) to prove that f * g 
g*frel{9}. □ 

Lemma 2.4. // (X, xq) is a pointed space, then n^p^7r„(X, xq) can be embedded in 

Proof. Define P : JireN^nl-^' ^o) — > 'Hn{X,Xo) by 

/3([/i],[/2],...,[/m],e,e,...) = [/], 

in which f \gn = fk for k < m, and /l^n = c^^^ for k > m, where is the constant 
loop at xo- Since the sequence {/lenj/ceN is constant except a finite number, it is null- 

k 

convergent and Lemma [2^ implies that / is continuous. Let [/2], [/m], e, e, ...) 

e, then the corresponding map / is nuU-homotopic relative to {9} and so /Ln = //c — 
Cxo rel{6}. Hence /3 is injective. The operation of 'Hn{X,xo) implies that /3 is a 
homomorphism and hence it is a monomorphism. □ 

Theorem 2.5. Let {X, xq) be a semilocally strongly contractible pointed space, then 

nw 

Proof. Consider the homomorphism ip : 'H„(X, Xq) — )■ n^n(^'^o) defined in (/). 
Since X is semilocally strongly contractible at Xq, there exists an open set U con- 
taining Xo with nuU-homotopic inclusion map i : U ^ X relative to the point Xq. 
For each continuous map / : {M"-,9) — > (X, xq), there exists K E N such that 
a k > K, then Im(f\qn) C U and so Im(f\r, ™) C U. Therefore i o fl-, 

~ ^ '^k. ~ ^ 'Vk>K^k ~ 'Vk>K^k 

is null-homotopic in X relative to the point 6. Since i is the inclusion map and 
Im(f\r, c,„) C U, flo c,„ is null-homotopic in X relative to the point 6. Hence 

Vfe>K'5fe Vk>K^k 

if k > K, then /|g„ is null-homotopic relative to the point 6 and so ip maps / to an 
element of n^j^7r„(X, xq). Thus Im{ip) C ]^^pj7r„(X, xq) and easily seen that the 
equality holds. 

For injectivity, let [/] G 7/„(X, xq) with = (e, e, ...), using the above tech- 

nique, there exists K eN such that f\r, o„ is null-homotopic in X relative to the 

V k^K k 

point 9. Since </'([/]) = (e, e, ...), /|^„ ~ Cx^ rel{9}, for all k < K. Now, Lemma 
(Hi) implies that / is null-homotopic relative to the point 9. □ 

Note that by the above theorem we can compute the Hawaiian group of some 
more spaces than Theorem 1.1. As an example, the join space X = VieN*^" i^ ^'-'^ 
first countable but using Theorem 12.51 we have 



nw 
. ,^n(X,Xo) 
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Definition 2.6. Let {X,xo) be a pointed space and n > 1. We define Ln{X,xo) to 
be a subset 0/ IljeN^^l"^' ^o) consisting of all sequences of homotopy classes {[/«]}, 
where {/»} is null-convergent. 

Theorem 2.7. Let {X,xo) be a pointed space and (p : 'H„(X, xq) — H^nl^'^'^o) 
be the homomorphism (I), then Im{ip) = Ln{X,Xo). In particular, L„(X, Xq) is a 
subgroup of nieN^"(-^, Xq) • 

Proof. Let / : (EI",^^) — )■ (X, xq) be a map and U be an open set in X containing 
xq. Since / is continuous by Lemma [2l2] (i). {f\gn}km is null-convergent. Therefore 
Irrup C L„(X, Xq). Conversely, let {fk : {SJ^,9) (X, Xq)} be a null-convergent 
sequence. Put /L„ = fk, then by Lemma 12.21 (i) / is continuous and we have 

k 

fiif]) = ilh], [/2],---)- Thus !f : 'H„(X,xo) — > L„(X,xo) is an epimorphism and 
the result holds. □ 

Lemma 2.8. Let (X, xq) be n-semilocally simply connected, then 

nw 
. 7r„(X,Xo). 

In particular, if n>2 and if is the homomorphism {I), then 

nw 
^^7r„(X, xo)®Ker{^). 

Proof. Since X is n-semilocally simply connected at Xq, there exists a neighborhood 
U of Xq such that the homomorphism : 7r„(f/, Xq) — 7r„(X, Xq) induced by the 
inclusion map i : U — )■ X is trivial. If {[/fc]} € L„(X, Xq), then there exists K such 
that Im{fk) C f/, for all k > K. Since : 7r„(C/, xq) — )■ 7r„(X, xq) is the trivial 
homomorphism, z o and so fk is nuU-homotopic in X, for all k > K. Hence 
Ln{X,xo) C ]^^pj7r„(X, xo), one can easily see the reverse inclusion. 
Consider the following exact sequence 

^ Ker{^) ^ H„(X,xo) 4 TT" 7r„(X,xo) ^ 0. 

If n > 2, then by Theorem 12. 3[ 7/„(X, xq) is abelian. It is routine to check that 
13 o ip = id, where /3 : nigN^n("^' ^0) — ^ 'H„(X, Xq) is the monomorphism defined in 
the proof of Lemma Hence we have ^^^(X, xq) = YYim''^'^^-^ ^ ^o)®Ker{ip) . □ 

Theorem 2.9. Let {(Xj, Xj)}-^^^ be a family of locally strongly contractible, first 

countable pointed spaces. IfX = \/.gj^(Xj, Xj) is the weak join of the family {(Xj, Xj)} 
and X* is the common point, then 
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Proof. Let (p : 7{„(X, x*) — a;*) be the natural epimorphism and [/] be an 
element of 'H„(X, x*) so that (p{[f]) = (e, e, ...). Then f\gn ~ c^^ rel{9} with a 
homotopy mapping : S"!^ x I ^ X , for k E N. Since Xj is locally strongly 
contractible and first countable at Xi, for i G N, there exists a nested local basis 
{VJ}j^^ at Xj such that the inclusion map Jj : VJ — )■ V^*_]^ is null-homotopic to 

Xi. Let {f/m}m6N be a local basis at obtained by = (Vj<mK^) V(Vi>m^*)- 
For each m G N, there is Km such that if > K^, then /m(/|^„) C f/^. Let 

k 

Rm '■ X — )■ \J i-^m-^i natural contraction. We show that is homotopic to 

the map fk '■= Rm ° /l^n {6} in Um- To prove this, let '■ ^ Kn-i the 
inclusion map which is null-homotopic with homotopy mapping H^. Consider the 
inclusion map Jm '■ Um — > Um-i and define Hm '■ Um x / — > Um-i by joining of all the 
mapping -ff^'s, for i < m, and identity map for the others. So Hm '■ Jm — Rm rel {x*} 
and hence Hm{f\s^-, —)'■ Jm° f\sj^ — Rm ° /l^n rel {9}. We define /|^„ := /|^„ and 
Gk '. SJ^xI ^ X hj Gk = Fk when k < Ki. For < k < Km+i, we define /|^„ = fk 
and Gk-. SJ^x I ^ \/i>m^i by Gk = RmoFk. Finally, we define G : H" x J ^ X by 
G\gri^i = Gk. Using Lemma (ii). G is continuous and G : f c rel {9}. Since 
f ^ f rel {9}, the result holds. □ 

Eda and Kawamura [H, Theorem 1.1] proved the following result. 

Let n > 2 and Xi be an {n — 1)- connected, Tikhonov space which is semilocally 
strongly contractible at Xj, for each i E F If x^, is the common point, then 

TTniXI (Xi,Xi),X*) = TT 7r„(Xi,Xi), (//) 

where n^gj-7r„(Xj, Xj) is a subgroup of n.gj'7r„(Xj, Xj) consisting of all f^s such that 
the set {i G / : /(i) 7^ 0} is countable. 

We can improve the above result as follows when the set of indexes is countable. 

Theorem 2.10. Let n > 2 and {(Xj,Xj)}jgN be a family of {n — l)-connected 
Tikhonov spaces which are locally strongly contractible and first countable pointed 
spaces. If X = \/^^^{Xi,Xi) and x^, is the common point, then 

^„(x,x.)=n^^^nL^"(^^'^^)- 

Proof. Using Theorem l2.9l we have the monomorphism ip : Tini^X, x*) Ylken'^^riiX, x*) 
and by (//) there exists an isomorphism h : 7r„(X, x*) — )■ Yli^^q'^ni^ij^i) defined by 
^{[9]) = {[^j ° fl']}iGN when : X — )■ Xj is the natural contraction. Also, there is 
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a natural isomorphism HkeNllieN^niXi, Xi) = riieNrifceN^"!^*' ^i)- ^o"^' the 
composition of these homomorphisms, we obtain a monomorphism : a;*) — )■ 

UienllkeN'^niXi^Xi) with the rule ip{[f]) = {{[ri o /|_5n]}fceN}iGN- We show that 
/m(^) C Yli^^YYI^^^7^n{Xi,Xi). Let [/] G 'H„(X,x*) and let {f/^} be the local basis 
defined in the proof of Theorem 12.91 By Lemma 12.21 there exists an increasing se- 
quence {Ki}i^^ such that if A; > Ki, then /m(/|_g„) C Ui+i. So Im{ri o /|^„) C l^^i 
and hence o is null-homotopic relative to {9} in Xj. Thus for each i G M, 
all terms of the sequence {[rj o /|^n]}fceN are trivial except a finite number. Hence 
{Vi ° /U,"]}feeN e nreN^n(^i,a;i) and {{[r, o /l^nJjfcgNjiGN e IlieNnreN^^l^i, a;^). 

Now, let {{[/fc]}fcGN}ieN G IlieNnrGN^nl^*' ^0 such that for each i G N, the 
sequence fl is the constant map except a finite number. Consider {[/fc]}jeN}fceN ^ 
nfceNnjeN^"(^*' ■^«)' convergent sequence {l/2*}igN to define a product on 

infinite terms of n-loops. Let fk = fl*fl*..., thenrjo/^ = Ca,^*...*Cxi_^*fl*Cxi+^*... = 
fl, so h{[fk]) = {[/fc]}fceN- We claim that {fk}k£n is null-convergent. Given an open 
set U containing xq, there exists Um defined in the proof of Theorem 12.91 such that 
Um ^ U. For each i G N, there exists Ki such that if A; > Ki, then fl = Cx^- Now 
for each m G N, define K = max{Ki, k2, K^-i}- For i<m — 1, if k>K, then 
/fc = c^-i hence Im{fl) C f/„. For i > m, we have Xj C Um and so Im{fl) C [/^. 
Since /m(/fc) = Ui6N^^(/fe)' ^ik>K, then /m(/,) C f/„. □ 

In [H, Corollary 1.2] Eda and Kawamura computed homotopy and homology 
groups of Hawaiian earring spaces as follows. 

For the m- dimensional Hawaiian earring H™, m > 2, iTn{W^,6) is trivial for 
each n, 1 < n < m — 1 and 7rm(IHI™', 9) = TL^ , where Z'^ means the direct product of 
countably many the infinite cyclic group, Z. 

The following corollary is a consequence of Theorem 12. lUI and the above fact. 

Corollary 2.11. Letn> 2, thennn{W,9) ^ HieNnreN^ and 'Hm(^'' , 9) is trivial, 
when 1 < m < n — 1. 

Note that if 9' G W and 9' ^ 9, then by [H, Theorem 1.1] 'H„(H",^') ^ 
nreNlligN^' for n>2. Answering a question of Fuchs' problem 76, it is known that 
Y\^mY^ken'^ ^ nreNll^gN^ (see Q). Hence by Corollary IMH we have 7{„(e",e') ^ 
Hn(H",^), for n>2. 

Theorem 2.12. For any family of spaces and n>l, the following isomor- 

phism holds. 

^n{ \ I Xi,X^) = I I T-in{Xi,Xi), 

where x^ = {xi}i(=i G Hie/^* ■ 
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Proof. Consider projection maps pj : rije/"^* — ^ -^j induced homomorphisms 
y-niPj) ■ 'Hn{Yli^iXi,x^) — > 'Hn{Xj,Xj), and define 

i) = {'HniPi)}i€l ■ T-l-n(V\ r^i^X*) > TT T-(-n{Xi,Xi) 

by ip{[f]) = {'Hn{Pi){[f])}iei- It is easy to see that this homomorphism has an inverse 
• {[/«]}ie/ ' — ^ [/]) where f is the unique continuous map which comes from the 
universal property of the product. □ 

Note that if 7^„(X, xq) is trivial, then so is 7r„(X, xq), but the converse is not 
true. The cone over the Hawaiian earring Remark 1] is a counterexample. 

Theorem 2.13. Let {X,xq) be a pointed space and C{X) be the cone over X . Sup- 
pose that Xt = {xQ,t) is a point of C{X) except the vertex (t ^ 1). Then 



Proof. Let it : X ^ C{X) be the natural inclusion by it{x) = {x,t). There exists 
a homomorphism /i = 'H„(it) : 'Hn{X,xo) 'Hn{C{X),xt) by = [it o /], for 

each [/] G 'Hn{X,xo). Since X x [0, 1) is an open set in C{X), by the topology of 
W, for any [g] G nnlc{X), xt), there exists K inN such that Im{g\gr.) C X x [0, 1), 
for k > K. We define g : IP ^ C{X) by g\gn = c^t ioi k < K and g\gn = g\gn 
otherwise. We show that [g] = [g]. Since 7r„(C(X), x^) is trivial, there exist homotopy 
mappings : g\gn = c^t rel {6'}, for each A; G N. We define A : H" x / — > 
C{X) by A\g„ X I = Ak, ioi k < K and A|^„^^(r, s) = g{r), ioi k > K which 
is continuous by Lemma [2.21 and makes g and ^ homotopic relative to {9}. Since 
Im{g) C X X [0,1), one can consider [^] G %n{,X x [0,1), Xf). Theorem 12.121 states 
that Tinipi) : 'Hn{X x [0, 1), Xt) = TiniX, Xq) is an isomorphism with an inverse which 
is induced by the injection jt : X — X x [0, 1) by the rule jt{x) = (x, t). Thus 
there exists [/] G 'Hn{X,xo) such that 'H„(jt)([/]) = [g]. Since jt(x) = it{x) for each 
X G X, joj^of = if o /, where j : X x [0, 1) — ?■ C (X) is the inclusion map. Therefore 
we have H„(zf)([/]) = [ttof] = [jojtof] = H„(j)([j*o/]) = H„(j)([^]) = [g] = [g]- 
Hence /i([/]) = [g] and is an epimorphism. 

Moreover, ]^^p^7r„(X, xq) C fcer/i. To prove this, let [/] G 'H„(X, xq) and 
/5([/]) = ([/i], [/2], [/fc],e,e, ...) G nreN^"(^,a;o). Since 7r„(C(X), Xi) is trivial, 
the homomorphism it^ : 7r„(X, xq) — > 7r„(C(X),X() is trivial and so [itofi] is the 
identity element of 7r„(C(X), Xf), for i < K. Hence it o fi,it o /2, ...,it o J^, c£„ ... is 
a sequence of nuU-homotopic maps relative to {6} which is constant except a finite 
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number and by Lemma [2^ (u) we have it o f is nuU-homotopic relative to {6}. Hence 
//([/] = 'Hn{it)[f] is the identity element of T-Ln{C{X),xt) and thus [/] G kerfi. 

Now, let yu([/]) = e, then [itof] = e. If it o f is null-homotopic in C{X) with 
given homotopy H : i^o/ ~ c^.^ reZ {6'}, then since ^ = X x [0, 1) is an open set 
in C{X) containing Xt and H is continuous, H~^{V) is an open set that contains 
{0,s), for every s G /. Therefore, there exists f/^ x C /f^^(l^) for each {9,s) 
such that s G Js and G f/^. {Jg} has a finite subcover {J^J 1 < ^ < ""^j for 
/. Let U = f]T=iUsn since U x J^, C Us, x J,, C H-\V) and f/ x / = Jl^if^^n 
U X I G H~^{V). Using the form of open sets in the space H" at the point 6, 
there exists K in N such that for k > K, SJ^ C U and then S"^ x / C H'^V 
or equivalently Im{H\g„^j) C V. We have Im{it o /|g„) C = X x [0, 1), for 
k > K. If f\g„ is not null-homotopic in X, then o is not null-homotopic 
in X X [0,1). But H\s^xi ■ it o fls^ ^ c re/ {9} in X x'[0,l), thus for k > K, 
f\gn is null-homotopic relative to {9}. Hence ker{^) C ]^^j^7r„(X, xq) and then 
ker{ij,) = lY^^^TTniX,xo). □ 

The following corollary is a consequence of Theorem 12.131 and [3', Theorem 1] . 

Corollary 2.14. Let n > 1, (X, xq) be a pointed space, C(X) be the cone over X 
and Xt = {xo,t), where t ^ 1. Then E[„(C(X), xt) is trivial if one of the following 
conditions holds: 

(i) {X,xq) is n-locally simply connected and first countable. 

(ii) (X, xq) is semilocally strongly contractible. 

Example 2.15. Let S = VnGN'^'" one? a be the common point, then by Corollary 
\2.14l ^n{CS,a) is trivial, for each natural number n. 

In [il. Theorem 1] it is proved that for a first countable pointed space (X, Xq) and 
n > 1, if : T-Ln{X,Xo) — 7- n"'^n(^5^o) is an isomorphism if X is n-locally simply 
connected at xq. The following result gives us more information. 

Corollary 2.16. Let (X, xq) be a first countable pointed space and n > 1, then the 
following statements are equivalent. 

(i) X is n-locally simply connected at xq. 

(ii) (f : T-LniXjXo) — 7- n"'^n(-^!^o) is an isomorphism. 

(Hi) T-Ln{C {X) , Xt) is trivial, where C(X) is the cone over X , t ^ 1 and Xt = {xo,t). 

Proof, (i) =^ (ii). If X is n-locally simply connected at Xq, then by Theorem 1] 
ip : T-Ln{X,Xo) — )■ n"'7r„(X, Xq) is an isomorphism. 

(ii) =^ (Hi). Let ip : 'H„(X, xq) — )■ H^'^^nlX, xq) be an isomorphism, then by Theorem 
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12.131 the n-Hawaiian group of the cone over the space X is trivial. 
{Hi) =^ (i). Let 'HniC{X), xt) be trivial, then by js], Theorem 2] C{X) is n-locally 
simply connected at Xt = {xq, t) (t ^ 1) and we show that so is (X, a;o). By contrary, 
suppose that there exists a neighborhood V of Xq such that for each open set V 
containing xq the inclusion map V U does not induce trivial homomorphism and 
so is V X J "—^ U X J, for every subinterval J of the unit interval I. This contradicts 
to the n-locally simply connectedness of C{X) at Xt = (xo,t). Therefore (X, xq) is 
nJocally simply connected. □ 

Corollary 2.17. Let (X, xq) be a first countable pointed space, t ^1 andxt = {xo,t), 
then 'HniC{X),Xt) is trivial or is uncountable. 

Proof. Let 'Hn{C{X),xt) be a countable set, then C(X) is n-locally simply connected 
at Xt by |3|, Theorem 2]. So X is ra-locally simply connected at xq. Hence cp is an 
isomorphism and then T-Ln{C{X),xt) is trivial. □ 

We need the following lemma to study the behavior of Hawaiian groups on locally 
trivial bundles. 

Lemma 2.18. Let p : E ^ B be a locally trivial bundle, yo E B, Xq E p^^{yo) = F 
and {E,xo) be first countable. Let a : (W-,9) {E,xo) lift a : (W-,6) — > (-B,yo) 
and F be a pointed homotopy with F{—, 0) = a, then there exists a pointed homotopy 
F that lifts F and so F{—, 0) = a. 

Proof. Let {Ui} be a countable basis at xq in E. Since the projection map is open, 
{Vi = p{Ui)} is a countable collection of open sets which is a local basis for B at 
yo. Similar to the proof of Theorem 12. 13[ one can see that there exists an increasing 
sequence Ki, K2, K3, ... such that for k > Ki, Im{F\gn.^j) C Vi. Homotopy lifting 

k 

property of locally trivial bundles which holds on pointed homotopies implies that 
for each k < Ki, we can define F^ : SJ!: x I — y E to be the lifting of F\any^j such 

k 

that -Ffc(— ,0) = a\g„. The map p\^, : f/, — Vi is again a locally trivial bundle and 
if Ki < k < Ki+i, then we have Im{F\gny^j) C V^. So for each pointed homotopy 
FLnx/ there exists a lifting F^ such that Ffc(~,0) = aLn and Im{Fk) C Ui. We 

k k 

define F\gn^j = Fk which is continuous by Lemma 12.21 and it is a lifting for F 
such that F(— , 0) = a. Since all F\gny.i may be chosen pointed homotopies with 

F\g,^y^J{—,Q) = a\gn.^j, ih.en so is F . □ 

k k 

It is known that for each locally trivial bundle there exists an exact sequence of 
homotopy groups as follows 

... 7in{F,yo) -> nn{E,yo) 7r„(5,Xo) 7r„„i(F, ?/o) ^■ 
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In the following theorem we gives a similar exact sequence of Hawaiian groups with 
some conditions. 

Theorem 2.19. Let p : E ^ B be a locally trivial bundle and E be first countable at 
xq G p^^iyo) = F, where yo E B. Then there exists an exact sequence of Hawaiian 
groups as follows 

...^-HniF, yo) ^ -HniE, yo) ^ U^iB, xo) ^ Ua-iiF, yo) ^ 

^nn-i{E,yo) ^ ... ^'Hi{F,yo) ^ni{E,yo) ^ni{B,yo). 

Proof. The inclusion map j : F ^ E induces the homomorphism 'H„(F, yo) ~^ 
T-Ln{E,yo) and the projection p : E ^ B induces the homomorphism 'Hn{E,yo) — ?■ 
'Hn{B,xo). Let n > 2, then we define d : 'Hn{B,xo) — > 'Hn-i{E,yo) and we prove 
that the sequence is exact. Let a : {W^, 9) — )■ (5, sq) be an arbitrary continuous 
map, there exists an increasing sequence of natural numbers i^'i, K2, K^, ... such that 
for each k > Ki, /m(aL„) C Vi. Consider = aLn and SJ^ = SS*^"^. Applying the 

k k 

Homotopy Lifting Theorem for pointed homotopies and S^~^, we can deduce that 
there exists a lifting for a^. Similar to the proof of Theorem 12.181 we construct a 
lifting a for a such that ii Ki < k < Ki+i, then aLn-i(— , 1) : 5*^"^ — ?■ F fl f/j. Put 

k 

1) which is continuous by Lemma [2. 2[ Define 
= a, then similar to the proof of [sl, Theorem 15], one can verifies that the 
sequence is exact. □ 

The following corollary is an immediate consequence of the above theorem. 

Corollary 2.20. Let p : X X be a covering, X be first countable at xq and n > 2. 
Then 'H„(X,xo) = 'H„(X, xq), where Xq G p^^(xo). Moreover, p^ : 'Hi{X,xo) — )■ 
'Hi(X, Xo) is a monomorphism. 

Theorem 2.21. Letp : E ^ B be a locally trivial bundle, yo E B andxo G p~^{yo) = 
F. If TTn{E,Xo) and TTn{B,yo) are trivial, then 

nn{E,xo) = nn{B,yo) X H„(F,Xo). 

Proof. Let [/] G l-Ln{E,xo) and (Jq : U V x F he the local trivialization at 
Xo. There exists K E N such that if A; > i^, then Im{f\gn) C U. Consider pi : 
BxF^B,p2:BxF^FeiS the projection maps on first and second components, 
respectively, i : V B as the inclusion map and Rk '■ EI" — )■ H" as the natural 
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contraction on Vfc>/<'S'fc- define -ip : 'Hn{E,xo) — )■ 'Hn{B,yo) x ■H„(F, xq) by 
?/'([/]) = ([pi o i o (Jo o / o [P2 o ctq o / o -Ri^])- We first show that ip is independent 
of the choice of K. To prove this, let Ki,K2 be two natural numbers such that 
/m(/|r, ™) C U and /m(/|r, ™) C U. We prove that [/ o i^^-J = [/ o -Ri^2]- 

Vfc>JC-j^'-'fc V k>K2 k 

Without loss of generality, let Ki < Since 7r„(_E',a;o) is trivial, /|^„ is nuU- 

homotopic relative to {6}, for each A; G N, in particular Ki < k < K2- By Lemma 
12.21 {iii) we have / o Rj^^ = / o R^.^ rel {6'}, so o i o ao o / o Rj^^ = pioioaoo f o R^^ 
and P2 ° o'o ° / ° Rki = P2 ° ctq ° / ° -^^'2 {^}- Thus '?/'([/]) is unique and hence ifj 
is well defined. 

We show that -0 is a homomorphism. Let [/], [g] G T-Ln{E, xo) and for K we have 
^'"(^Iv.>k5,^)U^"^(^Iv,>^5,") ^ Then 

^([/ * S-]) = (bi °i°(^o°if * 9)° Rk], [P2 o o-Q o (/ * 51) o i?^]) 
= {[pioio aoo {f o Rk * g o Rj^)], [p2 o o-Q o (/ o i?^ * 51 o 
= ([pi o i o (To o / o Rji] *[pioioaoogo Rj^], [p2 o ctq o f o Rj^] * [p2 o ctq o g o R^]) 

We show that ip is an epimorphism. Let {[hi], [h2]) G TiniB, i/q) x 'H„(F, Xq), there 
exists K & N such that /mf/iiL-, an) '^^ V. Let /i : H" V x F he the unique map 
withpio/i = hioR^ andp2 0^ = ^2- Since TTn{B,yo) is trivial, hioRj^ = hi. We have 
Im{(TQ^oh) C [/, so?/'([(Jo'^o/i]) = ([pioio(Too((To"^o/i)], [p20o-oo(o-(7^o^)]) = ([^1], [^2])- 

Finally, since (pi^,,P2*) and ctq* are isomorphisms, we can easily see that ip is 
injective and hence it is an isomorphism. □ 



3. Infinite Dimensional Hawaiian Groups 

Theorem 3.1. Let (X, xq) he a first countable, locally strongly contractible pointed 
space, then the following isomorphism holds 

nw t—rW 

Proof. We define a homomorphism : xq) — )■ Y[nGN'^ri{X,xo) by = 

([aljji], [a|e2], •••)• Similar to the proof of [3|, Theorem 1] we can prove that /m((/)) = 
n^gpj'H„(X, xq). Also, we can see jthat is injective and hence it is an isomor- 
phism onto nneN^™("^' -^o)- Using [3, Theorem 1], we obtain an isomorphism from 
UooiX, Xo) onto UnenUkeN^niX, Xq). □ 
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Definition 3.2. We call a pointed space {X, xq) to be locally infinite- connected if 
for each open set U contains xq, there exists a neighborhood V of xq such that the 
inclusion map V ^ U, induces trivial homomorphism on nth homotopy group, for 
alln eN . 

Theorem 3.3. Let {X, xq) be a first countable locally infinite- connected pointed 
space, then 

nw -I— r'i' 

Proof. Consider the homomorphism : T-LooiXjXo) — )• YlneN^niXjXo) defined in 
the proof of Theorem 13.11 Similar to the proof of [3|, Theorem ll we can show that 
: 'Hoo(-^, a;o) — ^ nreN'^"'("^' -^o) is an isomorphism. Using [sl, Theorem 1], we 
obtain an isomorphism from T-LooiXjXo) onto nneNnreN^"("^' -^o)- n 

Theorem 3.4. For every family of pointed spaces {(Xj, Xj)}^^/ the following isomor- 
phism holds 

where = {xjig/ G Hie/^i ■ 

Proof. See the proof of Theorem 12.121 □ 
Lemma 3.5. // {X,xo) is a pointed space, then YYi^f^'HniX^xo) can be embedded in 

'Hoo{X, Xq). 

Proof. Similar to the proof of Lemma [2^ we define p : nnGN'^n("^' ^o) — ^ T^oo{X, xo) 
by the rule 

p([/i],[/2],...,[/n^],e,e,...) = [/], 

where /|jj„ = fn, for n < m, and f\^„ = Cx^, for n > m. By the topology of EI°° / is 
continuous and p is well-defined. We can easily see that p is a monomorphism. □ 

The following corollary is a consequence of Lemmas 13.51 and 12.41 

Corollary 3.6. If {X,xq) is a pointed space, then nnGNnreN^"-("^' ^o) can be em- 
bedded in TiooiX, Xq). 

Theorem 3.7. Let {X,xq) be a pointed space andC{X) be the cone over X . Suppose 
that Xt = {xQ,t) is a point of C{X) except the vertex (t ^ 1). Then 

'HUCiX),x,)- ^oo(X,xo) 



nneNnfceN^n(^) ^o) 
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Proof. Let /x = Hooiit) ■ HooiX, xq) 7ioo{C{X), xt) be defined by = [it o /], 

where it is defined in the proof of Theorem 12.131 Similar to the proof of Theorem 
12.131 we can prove that fi is an epimorphism with kernel nneNnfcGN^n("^' -^o)- CH 

Example 3.8. Let S = VneN*^" weak join of the family {5" | n G N} with 

the common point rj. Then HooiCS, 17) is not trivial, where fj = {rj, 0). 

Proof. Consider the map u : EI°° — )■ 5* which is defined as follows. If r G S^, then 
i/(r) = r and z/(r) = 17 otherwise. If the equivalence class of this map belongs to 
nneNnreN^"('^' ^7)' then the identity map ici^n is null-homotopic for some n E N 
which is a contradiction. Thus by Theorem 13.71 l-Lr^iCS. 17) is not trivial. □ 

Theorem 3.9. Let {(Xj, a;j)}-gj^ he a family of locally strongly contractible, first 
countable pointed spaces. If X = \/-^^(Xi,Xi), then 'Hoo(-^, a^*) can be embedded in 

Proof. Let : TiooiX^x^) — t- Y[neN^n{X,x^) be the homomorphism defined in the 
proof of Theorem 12.91 To show the injectivity of the (f), let [/] be an element of 
TiooiXjX^:) so that 0([/]) = (e,e, ...). Therefore f\^n — c rel{9} with a homotopy 
mapping F„ : H" x / — )■ X. Let {Um} be the countable basis at as in the proof of 
Theorem l2.9[ For any m G N, there is Km such that if n > K^, then Jm(/|jj„) C Um- 
The proof of Theorem 12.91 implies that f\^n is homotopic to a map /„ relative to {6} 

in Um, where /„ := Rm o /|h„ and so /m(/„) C y.^^Xi. Now Rm o makes /„ to 
be null-homotopic {rel{6}). Joining these homotopies construct a pointed homotopy 
between / ( i.e the join of the /„'s) and the constant map. Since / is homotopic 
to / {rel{9}), f is null-homotopic {rel{9}), as required. Applying Theorem 12.91 
Koo{X,x^) is isomorphic to a subgroup of YlnmIlkm'^n{X, x^). □ 
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